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Abstract. We clarify that coined quantum walk is determined by only the choice of local quantum 
coins. To do so, we characterize coined quantum walks on graph by disjoint Euler circles with 
respect to symmetric arcs. In this paper, we introduce a new class of coined quantum walk by 
a special choice of quantum coins determined by corresponding quantum graph, called quantum 
graph walk. We show that a stationary state of quantum graph walk describes the eigenfunction 
of the quantum graph. Q 

1 Introduction 

The quantum walk has been intensively studied from various kinds of view points, since 
it was treated as a part of quantum algorithm in quantum information [1] and its strong 
efficiency to so called quantum speed up search was shown (see |2] and its references). For 
example, the Anderson localization [31 EJ [5], stochastic behaviors comparing with random 
walks [5J, spectral analysis of the unit circle [7] in relation to the CMV matrix [S], graph 
isomorphic problem [9], experimental implementation [10], and so on. Stanly Gudder is one 
of the originators of discrete-time quantum walk on graph [11] (1988). At first, for simplicity, 
let us consider the walk on one dimensional lattice following the Gudder's book. In this walk, 
each vertex has the left and right chiralities. The total state space here is spanned by the 
canonical basis corresponding to these chiralities , that is, {\j, R), \ j, L) : j £ Z}. Let ipn(j) 
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and ipn \j) as scaler valued left and right amplitudes at time n position igZ, respectively. 
The time evolution is given by the recurrence relations as follows : 

= o^ffi(j " 1) + i^iO' + 1), (1-1) 
#0') = i60ffi(; - 1) + ^fil? + 1), (1-2) 

where a, b G K with a 2 + 6 2 = 1. An equivalent expression for this time evolution, which will 
be important to our paper, is that: putting ij) n (j) = T [^n(j),'^n (j)], then 

4>n(j) = Q^n-lU " 1) + P^n-lU + 1), (1-3) 

where 
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We can interpret the quantum walk as a walk which has matrix valued weights P and Q 
associated with moving to left and right, respectively. Anyway, equations (II. ip and (jl.2p 
imply that 

VSiO") + VSO') = a M°(j - 1) + #0" + 1)} > {4 fl}) (1.4) 

which is a discrete-analogue of the mass less Klein-Gordon equation: 

d 2 i/j t {x) d 2 ip t (x) 
dt 2 dx 2 

This is considered as one of the motivations for introducing this walk. 

We show another reason for why the total space of QW is described by not Z but Z x C 2 . 
An idea which is across our mind immediately to accomplish a quantization of a random 
walk on one dimensional lattice may be as follows: the probabilities p and 1 — p with p > 
that moving to left and right in random walk at each time step are replaced with some 
complexed valued weights a and (3 so that its one step time operator is unitary. However 
we can easily see that the postulate of its unitarity implies a(5 = 0. Thus the walk becomes 
quite trivial one, that is it always goes to the same direction. It is the no-go lemma [12] of 
quantum walk. So we need left and right chiralities at each vertex in one dimensional lattice. 
Reference [13] gives more detailed discussion for a general graphs around here. 

Now in the next, we consider the walk extending to a general graph. Let Q(V,E) be a 
graph with vertex set V{Q) and edge set E{Q). In this paper, we denote the edge e G E(Q) 
between vertices u and v, as e = {u,v} = {v,u}. For u G V, we define N(u) = {v G V : 
{u,v} G E}, and d u is degree of u, that is, d u = |iV(w)|. We define the set of symmetric 
arcs D(G) as {(u,v) G V{Q) x V{Q) : {u, v} G E(Q)}. We denote arc a = (u,v) G D(G) as 
o(a) = u and t(a) = v, where o(o), and t(a) are the origin and the terminus of a, respectively. 
For a = (u,v) G D(G), we denote a -1 as (v,u). The quantum walk on Q{V,E) introduced 
by Gudder (1988) is defined as an analogue of the one dimensional lattice case. 

Definition 1. (Definition of quantum walk) 
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(1) Total space: Let H be the total space of quantum walk. 



U = f(D(g)) = sp&n{\u,v) : (u,v) G D(Q)}. 

Let % = ®Yliu£V{g)'^ u w ^ — span{|w, t>); t> G N(u)}. We denote the canonical 
basis of the subspace H, u as {|e[ u ' ) ); v G N(u)}. 

(2) Time evolution: To every (u,v) G D, we assign a non-trivial linear map T-L u — > T-L v 
with its matrix representation W( u ,v) so that \D\ x \D\ matrix on H, U , defined by 

(s,t\U\u,v) = l {MeD} (e[ s) \W M \e^) 

is a \D\- dimensional unitary matrix. The time evolution is the iteration of the unitary 

operator U with an initial state $o with \ \^o\\ = 1 such that ^ ^i ^ ^2 ^ 
• • • , where ^ = U j ^ . 

(3) Measur^ : Denote Vl n as the set of all the n-truncated possible paths from a vertex 
o G V{Q). The measure //„ : 2 Qn — > [0, 1] is defined as follows: for A G 



W (tn-l,Zn)- ■ ■ WWs)WW a )¥> 



where ip is a vector in ~H. . 

Remark 1. We can see this is an extension to a general graph of the one dimensional case 
in the following sense: for each arc with \i — j\ = 1, under the following one-to-one 

correspondence between the canonical basis, \j,j — l) -H- \j,L), \j,j + l) -B- \ j,R), the weights 
of moving left and right at each vertex are Wuj+u = Q and Wuj-i) = P, (j GZJ. 

For u G V(Q), the measure of A u = G Q n : ^ n = u] G 2°" gives a distribution since 
J2uev(g) Hn^Au) = 1, and fi n (A u ) G [0, 1]. We define the finding probability of quantum walk 
at time n, position u by /j, n (A u ). In this paper, we classify a special case of the discrete-time 
quantum walks in DefJU so called coined quantum walk which is defined by introducing local 
unitary operator (called quantum coin) for each u G V(Q) on % u . In [T3], we can see the 
original form of the Grover walk on general graphs which are most intensively studied by 
many researchers. The Grover walk is in a special class of coined quantum walks called "A- 
type quantum walks with flip flop shift" in this paper. See Sect. |2]for its detailed definition. 
We clarify that the investigation of A-type quantum walk is essential to study of coined 
quantum walk. More concretely, we find that for fixed local quantum coins, we can express 
any coined quantum walks by an A-type quantum walk with flip flop shift with a permutation 
(Theorem [2]). Thus a choice of local quantum coins determines the coined quantum walk. 

By the way, a quantum graph is a system of a linear Schrodinger equations on each 
Euclidean edge with boundary conditions at each joined part, i.e., vertex. The quantum 



*In this paper, we slightly modify the original definition of measure in [11] to emphasize a correspondence 
to the random walk on the same graph. In the original definition, indeed, O n = {{qo, ■ ■ ■ ,q n ) S D(Q) n : 
t{lj) = ofe+i)}- 
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graph is determined by triple of sequences of parameters (L, A, A) with respect to Euclidean 
edge lengths, boundary conditions, and vector potentials on edge, respectively. See Sect. 4.1 
for the detailed setting of the quantum graph. Quantum graphs have been studied from 
varions fields of view. For the review and books on quantum graphs, see [HI [UJ [18], for 
examples. 

In this paper, we apply the formulation of quantum graphs according to Smilansky and his 
group [TS1IIH]- Anyway, what is the solution (eigenfunction) for the system of Schrodinger 
equations which satisfy the boundary conditions simultaneously ? To answer it, in this 
paper, we define a coined quantum walk, JJ^ L,X,A \ by a special choice of local quantum coins 
determined by corresponding quantum graph. We call this walk quantum graph walk whose 
more detailed definition is denoted in Sect. 4.2. The following result is our main theorem: 

Theorem 1. The quantum graph walk with parameters (L, A, A) has non-trivial eigenfunc- 
tion satisfying all the boundary conditions at vertices simultaneously if and only if 

U i - X,L,A) a^ik) = a,(k). 

Here a linear transformation of a*(k) is the eigenfunction of the quantum graph. (See 
Eq. Iji4-5S\ ) for an explicit expression for the linear transformation. ) 

This paper is organized as follows. Section 2 is devoted to special quantum walks called 
coin-shift type quantum walks. The time evolution of coin-shift type quantum walk U has 
two stages; coin operator C, and the shift operator S. In the coin-shift type quantum walk, 
the walk is characterized by the choice of coin operator. The next of two sections (Sects. 
3 and 4), we treat two special classes of the discrete-time quantum walk. The first is the 
Szegedy walk introduced by Szegedy [20] (2004), which is induced by a transition matrix of a 
random walk on the same graph. One of the strong facts is that a main part of eigensystems 
of the Szegedy walk is obtained once we know the eigensystem of the corresponding random 
walk. The Szegedy walk induced by the symmetric random walk, that is, a walker moves 
to a neighbor uniformly, becomes the famous Grover walk which is most intensively studied 
in the view point of quantum information. We have already know the eigensystem of the 
Szegedy walk is described by the spectrum of corresponding random walk. The second one is 
the quantum graph walk induced by a quantum graph [HI [19]. As we have seen in Theorem 
[Tj we find that the Schrodinger equation has non trivial solution iff the quantum graph walk 
has stationary amplitude. Moreover in the Neumann boundary condition, in the limit of edge 
length zero, we can see the Grover walk again. We give its proof and an expression for the 
eigenequation of JJ^ X,L,A ' ) which is reduced to vertex size \V\ from square of edge size 2\E\. 
The common part of the Szegedy walk and the quantum graph walk is the Grover walk. As 
far as we know, Ref. [TJ] is the first paper which suggests a relation between the quantum 
graph and quantum walk. We more clarify and refine its relationship in this paper. One of 
the most important suggestions for a usefulness of mapping to quantum walks is Ref. [2T] : 
Schanz and Smilansky [21J (2000) have already shown a localization of the quantum graph 
on random environment of Z mapping to a quantum scattering evolution which can be 
interpreted as nothing but now a day a spatial disorded discrete-time quantum walk with 
some modifications. Localization is a recent hot topic of quantum walks. For example, 
Refs. [31 HI El El [71 [221 [23]. They gave a strictly positive return probability for annealed law 
by a combinatorial analysis before the quantum walks were so intensively studied. 
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2 Quantum walks on graph: reconsideration 

In this paper, we treat a connected and simple graph, that is, without self loops and multi- 
edges. A path is a sequence of vertices of Q, ui,U2, ...,«„ with (v,i,Ui+i) G D{Q). The line 
digraph of LQ(V, A) with the vertex set V and arc set A is defined as follows: 

v(lg) =D(g), A(tg) = | ((«,«), («',«;)) ev (tgy :v = v'Y 

A cycle in a graph Q is a path u±,U2, ■ ■ ■ ,u n ,ui with (v>j,Uj® n i) G D(H), where I ©„ m = 
mod((Z + m),n). In particular, if all the u/s in the sequence are distinct, then we call it 
essential cycle. Note that if a cycle (u±, U2), (U2, 113), . . . , (u n , Ui) with Uj G V(Q) in the 
line digraph LQ is essential, then the sequence u±, 112, ■ ■ ■ , u n , u\ of the original graph Q 
is also cycle, however its essentiality is not ensured. On the other hand, if a sequence 
Ui, u 2 , ■ ■ ■ , u n , Ui is essential in Q, then (ui, u 2 ), (u 2 , u 3 ), . . . , (u n , U\) is also essential in L Q. 

Definition 2. Let n be a partition on such that 

7r:tg^{C 1 ,C 2 ,...,C r }, (2.5) 

where Cj is an essential cycle of LQ and {Jj =1 V(Cj) = V(LQ), V(Q) fl V(Cj) = for 
i 7^ j. We denote the set of all the such partitions as Ug. 

Remark 2. The following partition called "flip flop partition" belongs to Ug for every undi- 
rected graph. 

ir f f :~£(} = {C 1 ,...,C\ E (Q)\}, (2.6) 

where V(Cj) = {e^ej 1 }, and A(Cj) = {(e^ej 1 ), (e" 1 ,^)} for ej G V(Q). 

The partition n gives a way to decompose the graph Q into mutually disjoint Euler circles 
with respect to arcs. Let II M be the set of all one-to-one correspondence between 

{\e^);v e N(u)} ^ {\e^);v e N(u)}. 

The former one corresponds to out-neighbor of u, and later one is in-neighbor of u. There 
are many partitions in lig in fact |IIg| = riugv^"' since 

n u = n g . 

uev(g) 

Since the out- and in-degrees of all the vertices in Cj are 1, we can define the following map 
f w (see also Fig. 1.): 

Definition 3. For ir G Tig with ~Lq h> {Ci, . . . , C r }, we define 

U ■ v (tg) V(Q) (2.7) 

such that for any (i,j) G V(LQ), 

r 

{(iJ),U,Mi,j)))e\jA(C s ). (2.8) 
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7T2 (1,2) (2.3) 



(4,1) 



(1.1) (4,3) 



7T5 (1.2) (2-1) 
^-tS^) ^ 1^2) 

(1,4) M,3] 



7T3 (1.2) (2,3) 

(1,1) V-» 



(l.-D (-1,3) 



7T6 (1.2) (2.3) 



(2,1) rf2) 



(l.J) (4.3) 



Fi gUre li Decomposition into mutually disjoint Euler circles: The 2 4 = 16 partitions of the circle with four vertices are 
classified into above 6 patterns [nj] (j = 1, 2, . . . , 6) with respect to automorphism. The cardinalities of each conjugacy classes 
|[7Tj]| (j = 1,2, ...,6) are 1, 1, 4, 2, 4, 4, respectively. Indeed, II G = £V | [tTj ] | = 16. We see / W1 (l,2) = 3, f Vl (3, 4) = 1, 
/,r 2 (1, 2) = 1, jV 2 (3, 4) = 3, U 3 (1, 2) = 3, /» 3 (3, 4) = 3 and so on. 



From now on, we explain a special class of quantum walk called coined quantum walks 
on graph Q under these setting. We choose a partition ir from Ug, and a sequence of unitary 
operators {Hj}^^, where Hj is a d., -dimensional unitary operator on the subspace Hj. We 
call Hj local quantum coin at vertex j. Then we present two types of time evolutions of 
QWs, f/ (G) and £/ (A) , respectively. 

Definition 4. f Gudder type and Ambainis type QWs. ) 

U iG) = CS n , (2.9) 
UW = S^C. (2.10) 

Here S w and C are called shift and coin flip operators defined by 

S*\i,j) = \j,Mi,j)), (2.11) 

C= ® H v ( 2 - 12 ) 

iev{S) 

that is 

C\i,j)= £ (efmef^k). 

keN(i) 

The first type determined by is a generalization of Gudder (1988) of (i-dimensional 
lattice case. The second one is motivated by the most popular time evolution for the 
study of QWs by Ambainis et al (2001). We call such time evolution G-type QW and A-type 
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G-type QW 



A-type QW 




Fi gUXe 2; Comparison between G-type and A-type QWs with flip flop tt j f. Wc assign local quantum coins Hj (j = 1, 2, 3, 4) 
which determines the weight of the "pivot turn" at each vertex. The figure depicts the dynamics of G- and A- type QWs with 
w = Wff starting from the canonical base |2,1), that is, in G-type QW, |2,1) i-> |1,2) i— > ai|l,2) + c(i|l,3) + gi|l,4), on the 
other hand, in A-type QW, \2, 1) M- a 2 |2, 1) +c 2 |2,4) 4 02 1 1,2) + c 2 |4, 2). 



QW, respectively. The matrix representations of Uq and Ua are as follows: for any 



(l,m\U {G) \hj) = l^N^ieg^H^J, (2.13) 
L {/eAT(i)} ( W 7 r(i,z)(ef 



(l,m\U W \i,j) = lueNm^MiM^lHi^f)- ( 2 - 14 ) 



The dynamics of quantum walk is explained as follows. See also Fig. 2. Let us consider the 
canonical base \i,j) be acted by U = SC. In the coin flip stage C, the coin flip operator 
changes the terminal vertex j to I with the complex valued weight (H^j^. Thus in this stage, 
we obtain a superposition around the vertex i. In the next stage, that is, the shift S, the 
initial vertex % is changed to its terminal vertex /, and the terminal vertex I is changed to 
7r(j, /). This is the A type quantum walk. In G-type quantum walk, the order of shift and 
coin is just exchanged. 

Remark 3. The matrix valued weight W/ U)V ) associated with moving from u to a neighbor v 
in Definition [I] is as follows: 



H v\^ {uv) )(ei u) \ : G-type, 
'f A uJ{^\Hu : A-ty P e. 



W(u,„) J | (v) \, («),„ , . I 2 - 15 ) 



A-type and G-type QWs are in dual relation with respect to the "1/2" time gap: 
Lemma 1. For any n > 0, we have 



(2.16) 



Because of the unitarity of the time evolution of quantum walks, 1 is also unitary. 
What is the ? The following theorem is related to a part of its answer. 

Lemma 2. 1 is also a time evolution of a quantum walk (J G {A, G}) on the same 

graph Q(V,E) if and only if the shift operator of is the flip flop. More concretely, 
denote ui J f ][Hj : j G V] as the time evolution of type J (J G {A,G}) quantum walk with 
local quantum coins {H^J^ and the flip flop shift. Then we have 

Ui J f )[H 3 : j e Vf 1 = U^[Hj x : j G V]. (2.17) 
where = A (J = G) , = G (J = A). 

In particular, if we choose local coins as self adjoint operators Hj = W- such as the 
Grover coin H 3 = (2/d j )J dj - I dj (j G V), 



(up)' 1 = ut J \ 



where J m is the m-dimensional matrix whose elements are all one, and I m is the identity 
operator. 

Proof. Remark that 

([/(G))- 1 = {CS^y 1 = S^C-K (2.18) 

Note that C^ 1 = X^'i is also a coin flip operator. In the following, we concentrate on 

a necessary and sufficient condition for n so that S^ 1 is also a shift operator. For a partition 
7r G Tig with 7r : L G \-> C 1 © ■ ■ • © C r , we define n* as 

~Lg !->■ Cf 1 © • • • © C~ x . (2.19) 

Here for an essential cycle Ct C la, (vi,v 2 ) ->■ (v2,v 3 ) ->• > (v m ,vi), we define C 1 as 

(y m ,vi) ->• (u m _i,u m ) ->■ > (vi,v 2 ). Define : Uj=i ^(C/ 1 ) -> such that 

r 

Then it is hold that for G \J j=1 V(Cj), 

S;%j) = \g n *(j,t),t). (2-20) 

Therefore S^ 1 is a shift operator if and only if g^*{j,i) = j, that is, n is the flip flop. □ 

Lemma 3. For any it,tt' G IIg ; for each vertex j G V(Q), there exists a permutation V^\, 
on the canonical basis ofHj, {|ej^) : k G N(j)}, such that 



U^[H 3 : j G V{Q)] = UP[H 3 : j G (2.21) 



where H j = H 3 V% 



Proof. Note that for any j G V(Q), and 7r, 7r' G ITg, 

iV(j) = {fn{i,j)', i G iV(j)} = e iV(j)}. 

Then we can define a permutation on iV(j) such that a® , : fnihj) >-> fn'ihj)- Denote 
as the matrix representation of o~^ n , on "Hj, such that 

V % = E I C /2«J)>< C &J)I - E \jJAUmUhj)\- (2.22) 

ieW(i) i6AT(j) 

The permutation operator V^\, locally changes a partition ix G Ilg to another partition 
7r' G rig at vertex j. Combining Eq. (I2.22p with SV = Ylaj) \j\ fn(h j)){h j\ implies 



J2 ®v^ = s^ 



So we have 



ul G) [H r . J eV(g)]=CS 7r ,= J2 ® H r E ® v< tl> s * ( 2 - 23 ) 

jev(g) iev{g) 

E ® H ^i> I • s * ( 2 - 24 ) 

v iev(<?) / 
= U^[H j :jeV(G)] } (2.25) 

where if, = HjV^\,. It completes the proof. □ 

Theorem 2. Every G-type QW can be expressed by an A-type QW with flip flop shift nft 
in the following meaning: for every it £ Ug, and a sequence of local quantum coins {H^JSy, 

Uf>[H s : 3 6 V{Q)\ = U$[fi} : j G V{0)\, (2.26) 

where Hj = HjVn^n- 

Proof. Combining Lemma [2] with EJ we arrive at 

Uf )[Hj : j G V(<?)] = Uif f [H 3 : j G V(<?)] = U$[3} : j G 7(0)]. (2.27) 

□ 

Corollary 3. For every 77 G IIg ; Ambainis type QW with tt and a sequence local quantum 
coins {Hj}^} 1; can be also expressed by an Ambainis type QW with the flip flop shift 7T// as 
follows: 

Ui A \H : j G V(g)) = S*U$[H} : j G V{Q)]^ (2.28) 



where Hj = HjV^ f ^. 
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Proof. Lemmas [T] and [3] and Theorem [2] imply that 

UM[Hj : j G V{Q)\ = SrUPiHj : j G V{Q)]Sl (2.29) 
= S T U$p f [H j :jeV(g)]St (2.30) 



= (2-31) 

which completes the proof. □ 

For matrices M, M' , if there exists a permutation matrix P such that M' = P^MP, we 
call M is isomorphic to M'. 

Corollary 4. (Severini [TBI) Every time evolution of coined QW is a weighted adjacency 
matrix of is or isomorphic to its transposed one. 

Proof. The adjacency matrix of LQ is 

(l,m\M(tg)\i,j) = 6 jtl . (2.32) 

Comparing the Eq. (I2.32p with Eq. ( I2.13|) . obviously, G-type QW is a weighted adjacency 
matrix of LQ. Putting J m be m-dimensional all one matrix, we have for every 7r G Ug, 

M(tg)= (E©aW 

Therefore, for every it G Ug, by the statement of proof for Theorem [2], 

M(igy = | (y,® j *J = { ^//} ( 2 - 33 ) 

^ev / J 
Viev / 

which implies that A- type QW with flip flop partition is a transposed weighted adjacency 
matrix of L Q. Moreover from Corollary [31 obviously, we see that A-type QW with partition 
7i G Ilg is isomorphic to a transposed weighted adjacency matrix of the line digraph of Q 
with respect to the permutation matrix S\. So we obtain the desired conclusion. □ 

For a fixed coin operator C, then once we get an information on the A-type QW with 
flip flop shift, we can immediately interpret it to any other corresponding coined quantum 
walk because of Eq. ( I2.26P in Theorem [2] and Eq. ( I2.28|) in Corollary |3j Thus from now on, 
we treat only A-type QWs with flip flop shift. Note that all A-type QWs with flip flop shift 
on graph Q are determined by only the choice of local quantum coins Hj's (j G V{Q)). In 
the following, we will show two special choices of the local quantum coins called "Szegedy 
walk" and "quantum graph walk" . 
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3 Szegedy walk 



In this section we briefly review on the Szegedy walk. The original walk introduced by 
Szegedy himself is the double steps of the Szegedy walk treated here. The Szegedy walk 
comes from a probability transition matrix (P) u ,veV(g) on graph Q. Put [P) u ,v — Pu,v which 
is the probability that a particle on vertex u jumps to the neighbor v at each time step with 
Y^ y eN(u) Pu,v = 1, < p U)V < 1. 

Definition 5. (Szegedy walk) We call Szegedy walk to the A-type QW with flip flop shift 
U^j[Hj-,j G V], where the dj- dimensional unitary local quantum coin at vertex j is for any 
I, me N(j), 

(e$\HAe { p) = 2^p-jp—-5 lm . (3.36) 

Put A : £ 2 (V) — >■ £ 2 (D) such that for a canonical base \j) (j G V), A\j) = J2ieN(j) y/Pjl\^ 0- 
In particular, we choose P so that pij = 1/di for all % G V, the Szegedy walk becomes the 
Grover walk which is intensively investigated in the view point of quantum information. Let 
the symmetric matrix J G M\y\(C 2 ) be (J)ij = y/PijPji- In the Grover walk case, J = P. 
Then we can obtain the eigensystem of U^ p > by using the eigensystem of J as follows. In 
this paper, we refine the original theorem by Szegedy [2D]. (We can see for a detailed proof 
in [23] for example.) 

Theorem 5. Let v = cos 6^ with sgn(sin6 l j y ) = sgn(z/). Then we have 



spec 



{U (P) ] 



{e ld »- v G spec(J)} U {e~ ie "; v G spec(J) \ {±1}} ; \E\ = \V\ 

{e i6v ; v G spec(J)} U {e- ie "; v G spec(J)} ; \E\ = \V\, 

\E\-\V\ \E\-\V\ 

^{e' ldv \ v G spec(J)} U {e~' ldv \ v G spec(J)} U { 1 , -1 } ; otherwise. 



(3.37) 

Let p u the eigenvector of eigenvalue v for J . The eigenvectors for 

m(l) m(— 1) 

e i9v with v G spec(J) and e' i6v with v G spec(J) \ ^1^} 
are expressed by 

(I - e ie »S)Ap v and (J - e~ ie ''S)Ap v , (3.38) 
respectively, where m(±l) are the multiplicities of eigenvalues ±1 of J. 



4 Quantum graph walk 
4.1 Quantum graphs 

This formulation of the quantum graph is according to Smilansky and his group [18j. In 
the quantum graph, a metric graph of Q{V,E), whose each edge e G E{Q) is assigned a 
length L e G [0, oo), is given. Let us denote the vertex set V(Q) which has an order such that 
V — {1,2, ... , \V\}. To describe position on edge e = {i, j} of the metric graph Q(V, E), we 
define x G [0, L e ] by the distance from min{i, j}. 
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At each edge {i, j} G E(G), the quantum graph gives the wave function ^f^jy(x) in the 
location of x G [0, L^y] determined by the following Schrodinger equation: 

( d \ 2 

( + *m( x ) = (4-39) 

Moreover the wave function is imposed the following two boundary conditions: 

(1) Continuity 

For every i G V(Q), there exists a 0j G C, such that 

*{»j}(0) = (pi for any j G N(i) with j > i, (4.40) 
y {l)k }(L {iM ) = <pi for any k G iV(i) with k < i. (4.41) 

where iV(i) = {j G : {i, j} G £(£)}. 

(2) Current conservation 
For A, > 0, 



j:j<i x—Lij j:j>i 



(4.42) 



When Aj = 0, then the condition [2] is called Neumann boundary condition, while A, = oo, 
Dirichlet boundary condition. Define the following wave function on T){Q): 

*(«.<*) = {!">!? , :i r J '- MS) 
[V{ij}(L{ ij} -x) : i > j 

Let A(ij\ = sgn(j — i)A{ij\. Then we obtain the following lemma which is equivalent to the 
original Schrodinger equation ( I4.39P with the two boundary conditions (1) and (2), however 
it is useful for our discussion: 

Lemma 4. The Schrodinger equations l[4-39\ ) with the boundary conditions (1) and (2) are 
hold for all {ij} G E simultaneously, if and only if the following Schrodinger equations M-44\ ) 
with the boundary conditions (TJ) - nil]) are hold for all G D{Q). 

{ d A 2 

\~' 1 di + A{i ' j) J v " <.,••«•'•) /'^I'. ,,.(•'■)• (4-44) 
(II) * (4J) (O) = i /or alljeN(i). 

( UI ) EieiV(i) {-M/dx + A {id) ) $? {iij) (x)\ x=0 = -i\(f>i for all i G V(Q). 
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4.2 Quantum graph walk 

We should note that the quantum graph is determined by sequence of edge length L = 
{L{ij}] {ij} G E}, and boundary conditions at each vertex A = {A.,-; j G V} and the vector 
potential with respect to magnetic flux A = {Auj\; {ij} G E}. 

Definition 6. (Quantum graph walk) We call quantum graph walk with parameters of quan- 
tum graph (L, A, A) to the A-type QW with flip flop shift 

jj( L ' x ' A \k) = Uj^ f [Hj(k);j G V(Q)], 

where 

(e^lHjik)^) = ( + 2 - 5^ e iL o^ k - A ^\ (4.45) 
Remark 4. An equivalent expression for Hj(k) is 

where Dj(k) is a diagonal matrix such that Y^meNti) e lL{im} ^ k ~ A{3m) ^\em) (em\, and Jdj is the 
all 1 matrix, Id^ is the identity matrix on Hj . 

Remark 5. In the limit of L J, with the Neumann boundary condition, the Grover walk 
appears again. Comparing both expressions for the local quantum coins for the Szegedy walk 
(Eq. h3.30\l ) and quantum graph walk (Eq. ^.J^ty ), the common class of both walks is only 
the Grover walk. 

A general solution for Eq. (I4.44p can be directly solved by using two parameters au j), b^ ^ € 

C, 

* (i)i) 0) = {a {hj) e- ikx + b (hj) e ikx ) e~ iA ^ x . (4.46) 
Lemma 5. It is hold that 

b (i,j) = a m e- iL ^ k ~ A ^\ (4.47) 

Proof. Substituting Eq. (I4.46P into the condition ([!]), it is hold that for any (i,j) G T>(G) 
and x G [0, 

a (i,j)e~' lkx + h*J) eikX = {a^e-' 1 ^^-^} e ikx + {b {jti) e iL i^ k+A ^} e~ ikx . (4.48) 

Thus comparing the coefficients of e~ lkx and e lkx of LHS with ones of RHS in the iden- 
tity (I4.48P with respect to x G [0, Lij], we obtain 

= b m e iL i^ k+A ^\ (4.49) 
= a u>i) e- iL w^ k - A ^\ (4.50) 

Remarking that Au{\ = —Au^, then Eq. f )4.49[) is equivalent to Eq. (I4.48p . we complete the 
proof. □ 
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By substituting Eq. (14.471) into Eq. (I4.46p . we obtain for each (ij) G D, 

V (ij) (x) = a (i3) e- i(k+A ^ )x + a {ji) e-' l(k+A ^ ){L ^- x) . (4.51) 

Therefore |Z}| -parameter {ay; f G D} gives the solution for the Schrodinger equations. We 
put a^{k) as the array a^'s, that is, a*{k) = J2(ij)eD a {ij)\^j)- ^ n ^ ne other hand, for 
x = (x(ij);(ij) G D with < Xij < L^y), and k G R, let the array of eigenf unctions 
*(ij)(z(ij))'s be cc) = SijeD ^(i,j)( x i,j)\h ])■ Then Eq. f|4.51j) implies that 

x) = {Dx(k, x) + D 2 (k, x)S} a*(k), (4.52) 

where Dj(k, x) (J G {1, 2}) are diagonal matrix defined by for /, /' G D(Q), 

( D i)f,f' = Sf tf fe~ i( - k+Af)Xf , 

Now we will investigate a necessary and sufficient condition of a*(/c) for getting non-trivial 
solution of quantum graph *&*(k, x) 0). One of its answers is our main result in Theorem 
[TJ The following theorem is a collection of equivalent statements including Theorem [TJ 

Theorem 6. The following three statements are equivalent: 



(1) In the quantum graph with parameters (L, A, A), the Schrodinger equation jjj4-44\ ) with 
the boundary conditions (OJ) - UI]\) has a non-trivial solution {^(ij){%)}(i,j)eD(G)- 

(2) a* (A;) is an eigenvector of the quantum graph walk U^ L ' x,A \k) with eigenvalue 1. 

(3) It is hold that 



E 



!_ e 2ifcS) = 0, (4.53) 



det(/|v| - T\ V \ + D\ V \ 

where for i,j G V(Q), 

e - ii W}( fc + A (i.i))(l + e -wW)/ v /S 
{ T W\) id = 1 _ e 2ikL {t]} l{(ij)mG)}(hj), (4.54) 

(n \ ST e 2ifc ^>(l + e- i ^W)M i 

«G7V(i) 

i/ere e"«« = {1 + iA i /(fcd i )}/{l - iV(*<*i)}- 
Proof. At first we give the following lemma. 

Lemma 6. The boundary conditions (QJ)-(QZZP ore hold for all (i,j) G T>(G), 

» = E (s^ivi - s ") ^""^"So (*■«) 

l£N(i) \ 1 l ' / 
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Proof. We assume that the boundary conditions (JTTJ) and (lllip are hold. From condition (TTTT) . 
substituting x = into Eq. (I4.46p . 

= a («) + = 3 G ^C*)- ( 4 - 57 ) 
Taking a summation of Eq. (I4.57P over all the neighbors of i, 



E { a (i,j) + kiJ)) = difa- ( 4 - 58 ) 

jeN{i) 



From Eq. 



x=0 



Inserting it into condition fjlllj) . we obtain 



jeN(i) 

Combining Eq. f H~58]) with Eq. f l4~59j) . 
which implies that 

E «(M) = e ift(fc) E 6 W>- ( 4 ' 6 °) 

j£N{i) jeN(i) 
By using Eqs. (1437]) (OS]) and (OOI) . 



leN(i) 

Conversely, under the assumption that Eq. (I4.6ip is hold, we can easily check that the 
conditions (JTTJ) and fillip are satisfied. Then inserting Lemma [5] into Eq. (I4.6ip . we complete 
the proof. □ 

Next, we will give a proof that (fTJ) iff (J2J) . By using a matrix representation of the 
quantum coin at vertex i in Eq. (14. 45 p . RHS of Eq. (I4.56P is rewritten by 

J2 (e?\gt{k)\e®)a llA , 

which implies that a*(k) = C J[ {k)S 1Tff a 1 ,{k) with C(k) = J2jev(g) ®Hj{k). Note that from 
Lemma [2] the time reverse of the quantum graph walk is the following G-type quantum walk 

(U^^y 1 = Ul? f [H}(kyj £V]. (4.62) 
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Thus a*(fc) is the eigenvector of eigenvalue 1 for both U^J[HUk);k G V] and U^ L,X,A ^ = 
uif f [Hj(ky,j G 1/]. Finally, we show that © iff ©. To do so, we give the following lemma: 
When we take a,j\ = 1/ ^/d] (I G N(j)) and t — 1 in the following lemma, then we obtain 
the statement of ([3]) 

Lemma 7. Lei U^ A \k) be a generalized quantum graph walk whose quantum coin is denoted 
by 

H 3 {k) = D^k) {(1 + e-^Uj - I d .}, (j G V(g)), 

where Uj is a projection onto a unit vector \atj) = X^eiV(j) a ji\ e i ) e w ^ *l2ieN(j) \ a ji\ 2 = 
1. Then we have 

det (l m - tU (A \k)^j = det (J| V | - tT M {t) + t 2 D m {t)) ]J (1 - iV 2ifcL ^>) (4.63) 

{ij}€E 



where 



leN(i) 



Remark 6. If we choose the unit vector \ctj) on each Tij as \ctj) = 1/ y^dj X^gjv(j) l e F^)> 
then the walk becomes a quantum graph walk. On the other hand, if we put the parameters 
X = 0, L = 0, and aij G [0, 1] for all G V, then the walk becomes a Szegedy walk. 

In the following, we prove Lemma [71 For a sequence (c(i,j))u,j)eD(g) an d a sequence 
(cj)j 6 y(g), we denote T^D[{ c {i,j)){i,j)eD{g)] and £V[( c i)ieV(g)] as the following diagonal matrices 
on £ 2 {D) and £ 2 (V), respectively; 

^o[(c(M))(i,i)eD(s)] = ^ c (iii) |i, j|, ZV[(ci)i6V(C)] = XI c ^)^l- 

(ij)eD(g) iev(g) 

We will use the relation 

SX?D[(c(ij))(i, i)e D(e)] = ^»o[(c(j,i))(i,i)6D(0)] (4.66) 

Let A as a matrix representation of a map £ 2 (V) — >■ £ 2 (D) such that i i— >■ |ctj) for every z G V, 
that is, A = J^jev l a i)OI- 

B = S ■ V D ■ A ■ V v , (4.67) 

where V D = V D [exp[iL {ij} {k - A (ij) )} : (ij) G D], and V v = V v [l + e'' 1 ^ : j G V]. The 
coin operator on £ 2 (D) is described by 

C = V D (aV v A^ - lJ) . (4.68) 
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By using this, 

det(/ 2 | E | - tU {A \k)) = det (l m - tSV D {AV v A ] - I m 

= det(I m + tSV D ) ■ det (l m - t(I m + tSV D )- x BA? 
= det(I m + tSV D ) ■ det (l ]v] - tA\l 2 \ E \ + tSVo^B^j . (4.69) 

We should note that 



h\ E \+tSV D = ! 



1 te iL ^^ A ^ 

^ e iL {ij} {k-A {lj) ) J 



(4.70) 



Put A { y } (t) = 1 - t 2 e 2ikL ^y. Then we have 

det(I m + tSV D ) = J] A {<i} (t). (4.71) 

(l m + tSP D ) ' = V<§ (/ - tPg 2) s) , (4.72) 



2>g> = %[A7i (t); (y) G D], ©g 2) = V D [e iL ^ k ~ A ^; (ij) e D]. 



where 

We applied Eq. (14.661) to the expression of Eq. (14.72 p . By using these notations we rewrite 
A\h\ E \ + tSV D )~ 1 B in Eq. (Q5jl by 



A + (J 2 | S | + tSV D y l B = A^V^B - tA^V^V^SB. 
We can express the the first and second terms as 



A^vWb = A^V^SVnAVy = A^Vi 



m {k-A Ui) ) A -1 



SAVl 



= TjvjC*)-_ ( 4 -73) 
A^g^Sf? = A t Z>g ) 25g ) S' • = A^V^V^VdAVv 

= A^V D [e 2ikL ^/A {ij} : (ij) e D] AV V 

= E ( E (l + e^ (fc) )|^fe 2ifcL «>/A fe - } I IjXjI 

= ZV,(t). (4.74) 
Then we complete the proof of Theorem [6j □ 
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4.3 Necessary and sufficient conditions for quantum graph 

Finally, we mention the relation between quantum walk and quantum evolution map denned 
by PSIES]. In this paper, we have defined the A-type QW, U^^ik) = U^)[Hj{k);j G V] 
with local quantum coins determined by the parameters of corresponding quantum graph 
(L,X,A) (see Eq. ( I4.45P ). as quantum graph walk. Recall that the statement of (2) in 
Theorem [6] is 

U^ x ^a,(k) = a*(k) (4.75) 
which is an equivalent expression for satisfying the corresponding quantum graph. Since 

Uifj[H,(k);j G V] = S^Ugp^kyj G V}S nff and S 2 nff = I, 

Eq. (14.751) is reexpressed by 

U^][H 3 {k)- 3 G V]K(k) = K(k), (4.76) 

where b*(k) = S n .,a^(k). Combining Lemma [2] with Eq. (14.761) . we can give equivalent 
statements to (1) in Theorem [6] as follows: 

Proposition 1. The following statements are necessary and sufficient conditions for satis- 
fying quantum graph 

Uif f [Hj(k);j G VK(*0 = U^H^-J G V]a*{k) = a.(k) 

& U^iH^-j G V]K(k) = K(k) & U^j[Hj(k);j G V]K(k) = K(k). 

The G-type QW, uj^j[Hj(k);j G V], is nothing but the "quantum evolution map" in 

[THl [19] . More concretely, the quantum evolution map is denoted by XAsik) = U^ ff [Hj{k); j G 
V] = T(k)S(k), where T{k) and S(k) are called bond propagation matrix, and graph scat- 
tering matrix in their paper, respectively. The correspondence between the Simlansky's 
quantum evolution map and the G-type QW as follows: 

T(k) = C[<r j -JeV]S, S(k) = V D (4.77) 

where for l,m G N(j), 

dj + iXj/k 



and T>£> is defined in Eq. (I4.67p . 

We will be able to see more detailed discussions around here and new insight into quantum 
walks through the quantum graphs in our next papers 
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